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In this paper we shall present a short proof on the extension problem of isometric
embedding between unit spheres of a Banach space E and the universal space ∞(Γ ). We
prove that, under some condition, every isometric embedding from S(E) into S(∞(Γ )) can
be positive-homogeneously isometrically extended to the whole space. Since every Banach
space E is isometric to a subspace of ∞(S(E∗)), isometric extension problems on a class
of atomic AM-spaces is solved.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let E and F be Banach spaces, and let S be a subset of E . Then a mapping V : S → F is called an isometric embedding,
or an isometry, if
‖V x1 − V x2‖ = ‖x1 − x2‖ for all x1, x2 ∈ S.
In 1972, P. Mankiewiz [8] considered the extension problem for isometries and proved that every surjective isometry
between the open connected subsets of normed spaces can be extended to a surjective aﬃne isometry on the whole space.
In 1987, D. Tingley [10] introduced the following isometric extension problem as follows:
Problem 1.1. Let E and F be normed spaces with the unit spheres S(E) and S(F ), respectively. Assume that V : S(E) → S(F )
is a surjective isometry. Does there exist a linear or aﬃne isometry V˜ : E → F such that V˜ |S(E) = V ?
In [10], D. Tingley only proved that every surjective isometry between the unit spheres of ﬁnite dimensional Banach
spaces necessarily maps antipodal points to antipodal points. In 2004, J. Wang [11] considered the following extension
problem of isometric embedding for atomic ALp-spaces (0 < p < ∞):
Problem 1.2. Let E and F be normed spaces with the unit spheres S(E) and S(F ), respectively. Assume that V is an
isometric embedding from S(E) into S(F ). Does there exist an isometry embedding V˜ from E into F such that V˜ |S(E) = V ?
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Recently, there have been many results about these problems (see [1,2,7,11] and the references therein). In 2007,
G. Ding [3] obtained that every surjective isometry V between the unit spheres of a Banach space and c0(Γ ) can be
extended to a linear isometry on the whole space. The author and X. Fu [5,6] improved this result and proved that ev-
ery surjective isometry between the unit spheres of a Banach space E and an L∞(Γ )-type space (special cases are c0(Γ ),
c(Γ ), and ∞(Γ )) can be extended to a linear isometry on the whole space. However, the proof in [3,5,6] is too long and
complicated.
In this note, we will present a short proof for the extension theorem of isometric embedding between unit spheres of
a Banach space E and the universal space ∞(Γ ). We prove that, under some condition, every isometric embedding from
S(E) into S(∞(Γ )) can be extended to a positive-homogeneously isometric embedding from E into ∞(Γ ). Then we obtain
a generalization of the main results in [3,5,6]. In last section, we give a remark on linearity of extension.
2. Main results
First, we need the following lemma and proposition.
Lemma 2.1. Let E, F be Banach spaces. Assume that V is an isometric embedding from S(E) into S(F ). Then for any y ∈ S(E) and
r ∈ [0,1), there exists x ∈ S(E) such that ‖V x−rV y‖ = ‖x−ry‖ if and only if there exists z ∈ S(E) such that ‖V z−rV y‖ > ‖z−ry‖.
Proof. The suﬃciency is trivial. For necessity, assume that there exists x ∈ S(E) such that ‖V x−rV y‖ < ‖x−ry‖, then deﬁne
h(t) = ‖ry + t(ry − x)‖ for t ∈R. Clearly, h(0) = r < 1, and by ‖ry − x‖ 1− r > 0, we have h(t) |t| · ‖ry − x‖ − r → ∞ as
t → ∞. Since h is continuous, we have h(t0) = 1 for some t0 > 0. Then let z = ry + t0(ry − x) ∈ S(E). It is easy to get that
‖x− z‖ = (1+ t0) · ‖x− ry‖ = ‖x− ry‖ +
∥∥t0(x− ry)∥∥= ‖x− ry‖ + ‖z − ry‖.
Then we obtain that
‖V x− rV y‖ ‖V x− V z‖ − ‖V z − rV y‖ = ‖x− z‖ − ‖V z − rV y‖ = ‖x− ry‖ + ‖z − ry‖ − ‖V z − rV y‖.
Thus, we ﬁnd z ∈ S(E) such that
‖V z − rV y‖ ‖z − ry‖ + ‖x− ry‖ − ‖V x− rV y‖ > ‖z − ry‖.
Then we complete the proof. 
Proposition 2.2. Let E and F be Banach spaces and let V : S(E) → S(F ) be an isometric embedding. Then:
(i) If V can be extended to a positively homogeneous isometry V˜ : E → F , then V˜ (x) = ‖x‖V ( x‖x‖ ) for all x ∈ E \ {0}.
(ii) If ‖V (x) − rV (y)‖ = ‖x − ry‖ for all x, y ∈ S(E) and for all r ∈ [0,1), then the map V˜ : E → F deﬁned as V˜ (x) := ‖x‖V ( x‖x‖ )
for all x ∈ E \ {0} and V˜ (0) := 0 is a positively homogeneous isometric embedding with V˜ |S(E) = V .
Proof. (i) It is trivial.
(ii) For any x, y ∈ E , without loss of generality, assume that 0 < ‖y‖ ‖x‖, then
‖V˜ x− V˜ y‖ = ‖x‖
∥∥∥∥V x‖x‖ −
‖y‖
‖x‖ V
y
‖y‖
∥∥∥∥= ‖x‖
∥∥∥∥ x‖x‖ −
‖y‖
‖x‖
y
‖y‖
∥∥∥∥= ‖x− y‖.
Thus, it follows easily that V˜ is a positively homogeneous isometric embedding from E into F such that V˜ |S(E) = V . 
Now we give the extension theorem for isometric embedding between unit spheres of a Banach space E and the universal
space ∞(Γ ).
Theorem 2.3. Let E be a Banach space and Γ a nonempty index set. Assume that V is an isometric embedding from S(E) into
S(∞(Γ )) such that for any x ∈ S(E), λ ∈ [−2,2], and γ ∈ Γ ,
V x+ λeγ ∈ V
[
S(E)
]
whenever ‖V x+ λeγ ‖ = 1. (1)
Then there exists a positively homogeneous isometry embedding V˜ from E into ∞(Γ ) such that V˜ |S(E) = V .
Proof. First, assume that there are x, y ∈ S(E) and r ∈ [0,1) with ‖V x− rV y‖ > ‖x− ry‖. Let δ = ‖V x− rV y‖−‖x− ry‖ > 0.
Then there is γ0 ∈ Γ such that
‖V x− rV y‖ = sup
γ∈Γ
∣∣(V x)(γ ) − r(V y)(γ )∣∣< ∣∣(V x)(γ0) − r(V y)(γ0)∣∣+ δ/2.
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f = V x− (V x)(γ0) · eγ0 + α · eγ0 , g = V y − (V y)(γ0) · eγ0 − α · eγ0 .
Then it is easy to see that f , g ∈ S(F ) and that ‖ f − g‖ = 2. By (2.4), we have f , g ∈ V [S(E)], then ‖V−1 f − V−1g‖ = 2.
Then by the Hahn–Banach theorem, there is F ∈ E∗ with ‖F‖E∗ = 1 such that F (V−1 f − V−1g) = 2. Then we must have
F (V−1 f ) = 1 and F (V−1g) = −1. Since
1− α · (V x)(γ0) =
∥∥α · eγ0 − (V x)(γ0) · eγ0∥∥= ‖ f − V x‖,
1+ α · (V y)(γ0) =
∥∥α · eγ0 + (V y)(γ0) · eγ0∥∥= ‖g − V y‖,
hence
α · (V x)(γ0) = 1− ‖ f − V x‖ = 1−
∥∥V−1 f − x∥∥ 1+ F (x) − F (V−1 f )= F (x),
α · (V y)(γ0) = ‖g − V y‖ − 1 =
∥∥V−1g − y∥∥− 1 F (y) − F (V−1g)− 1 = F (y).
Thus, we have
‖V x− rV y‖ < ∣∣(V x)(γ0) − r(V y)(γ0)∣∣+ δ
2
= α · (V x)(γ0) − r · α · (V y)(γ0) + δ
2
 F (x) − r · F (y) + δ
2
 ‖x− ry‖ + δ
2
= ‖V x− rV y‖ − δ
2
,
which leads to a contradiction. Thus, by the above lemma, we obtain that
‖V x− rV y‖ = ‖x− ry‖ for all x, y ∈ S(E) and r ∈ [0,1).
Then by Proposition 2.2(ii) we complete the proof. 
Remark 2.1. The proof of Proposition 2.2 is basically trivial, therefore the merit of the paper is in showing when the
condition in Proposition 2.2(ii) holds. It would be very interesting to investigate in what other situations the previous
condition also holds.
By Theorem 2.3, we obtain the following results. Let us recall ﬁrst the concept of L∞(Γ )-type space.
Deﬁnition 2.1. (See [3,6].) A Banach space is called an L∞(Γ )-type space if it is a closed subspace of ∞(Γ ) and contains
all eγ ’s for all γ ∈ Γ .
For example, the spaces c0(Γ ), c(Γ ), and ∞(Γ ) are L∞(Γ )-type spaces (see [3,6]).
Corollary 2.4. Let E be a Banach space and Γ a nonempty set. Assume that V is an isometric embedding from S(E) into S(∞(Γ ))
such that there is an L∞(Γ )-type space F satisfying that V [S(E)] = S(F ). Then there exists a linear isometric embedding V˜ from E
into ∞(Γ ) (onto F ) such that V˜ |S(E) = V .
Proof. Since eγ ∈ F for all γ ∈ Γ and V [S(E)] = S(F ), it follows that for any x ∈ S(E), λ ∈ [−2,2], and γ ∈ Γ , we have
V x + λeγ ∈ S(F ) = V [S(E)] whenever ‖V x + λeγ ‖ = 1. Then, by Theorem 2.3, there is a positively homogeneous isometry
embedding V˜ from E into ∞(Γ ) such that V˜ |S(E) = V . It implies that V˜ (E) = F . Then, by the Mazur–Ulam theorem [9],
V˜ is linear. 
The following is the main result in [3,5,6].
Corollary 2.5. (See [3,5,6].) Let E be a Banach space, and let F be an L∞(Γ )-type space for a nonempty index set Γ . Assume that V
is a surjective isometry from S(E) onto S(F ). Then there is a linear surjective isometry V˜ from E onto F such that V˜ |S(E) = V .
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Problem 1.2 of isometric embedding, but for Theorem 2.3, the condition (1) cannot be omitted. Because the author and
L. Zhang [7, Example 3.1] constructed an isometric embedding Tα (0  α < 1) from S((2)∞ ) into S((3)∞ ) which cannot be
extended to an isometric embedding from Br(
(2)∞ ) into (3)∞ for any 3  r < 4 − α. Thus, Tα cannot be extended to an
isometric embedding from (2)∞ into (3)∞ . When α = 0, T0 is deﬁned as follows (see [7, Example 3.1]):
T0(x) =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
(1,0, ξ2), if ξ1 = 1, ξ2  0;
(−1, ξ2,0), if ξ1 = −1, ξ2  0;
(ξ1,1− ξ1,1), if ξ1  0, ξ2 = 1;
(ξ1,1,1+ ξ1), if ξ1 < 0, ξ2 = 1;
(ξ1, ξ2, ξ2), if ξ2 < 0;
for all x = (ξ1, ξ2) ∈ (2)∞ .
3. A remark on linearity of extension
For accomplishing the linearity of the extension, the following proposition is a start on that direction. However, let us
recall ﬁrst the concept of rotund point.
Deﬁnition 3.1. A point x of the unit sphere S(X) of a Banach space X is said to be a rotund point of the unit ball B(X) if x is
not contained in any nontrivial segment of S(X). The set of rotund points is usually denoted as rot(B(X)).
Observe also that a Banach space is strictly convex if and only if every point of its unit sphere is a rotund point of its
unit ball.
Proposition 3.1. Let X and Y be Banach spaces. Let T : S(X) → S(Y ) be an isometric embedding. Then:
(i) If x, y ∈ S(X) are so that [x, y] ⊂ S(X), then [T (x),−T (−y)] ⊂ S(Y ).
(ii) [T (x),−T (−x)] ⊂ S(Y ) for all x ∈ S(X).
(iii) If rot(B(Y )) ∩ T (S(X)) is dense in T (S(X)), then T (−x) = −T (x) for all x ∈ S(X).
Proof. (i) Observe that∥∥∥∥ T (x) + (−T (−y))2
∥∥∥∥= 12
∥∥T (x) − T (−y)∥∥= 1
2
∥∥x− (−y)∥∥=
∥∥∥∥ x+ y2
∥∥∥∥= 1.
(ii) It follows from the fact that [x, x] ⊂ S(X).
(iii) Note that{
x ∈ S(X): T (−x) = −T (x)}⊇ T−1(rot(B(Y )))= S(X). 
Corollary 3.2. Let X and Y be Banach spaces. Let T : S(X) → S(Y ) be an isometric embedding. Then:
(i) If Y is strictly convex, then T (−x) = −T (x) for every x ∈ S(X).
(ii) If X is strictly convex and T (S(X)) is symmetric, then T (−x) = −T (x) for every x ∈ S(X).
Proof. (i) It is a direct application of the third paragraph of Proposition 3.1.
(ii) Consider the surjective isometry T−1 : T (S(X)) → S(X) and apply the second paragraph of Proposition 3.1. 
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